Congruences between abelian pseudomeasures , II 

Jiirgen Ritter ■ Alfred Weiss * 



In this paper we generalize the main result of [RW7]. As there, K is a totally real number field 
(finite over Q), p a fixed prime number, and S a fixed finite set of non-archimedean primes of 
K containing all primes above p. Let Ks denote the maximal abelian extension of K which 
is unramified (at all non-archimedean primes) outside S and set Gs = G{Ks/K). Serre's 
pseudomeasure Xk = Xk,s has the property that (1 — g)XK is in the completed group ring 
Zp[[Gs]] for all geGg [Se]. 

Let L be a totally real Galois extension of K of p-power degree with group T, = G{L/K). We 
require that the finite set 5 contains all the primes of K which ramify in L. Letting F run 
through the intermediate fields of L/K, we denote by 

Fs the maximal abelian extension of F unramified outside the primes of F above S , 

Fg its maximal totally real subfield (hence F C F^) , 

Xp^s Serre's pseudomeasure with respect to F and S , 

Hs = G{Ls/L) , H+ = G{L+/L) . 

Note that G{Ls/FY^' = G{Fs/F) and, for F C F', that G{Ls/F') is an open subgroup of 
G{Ls/F). This yields the transfer map G{Fs/F) — )■ G{Fg/F') , and in particular, 

ver^ : Gs ^ G{Fs/F) , ver;^ : G{Fs/F) ^ Hs , ver^ = ver^ o ver;^ -.Gs^Hs- 

In order to state the new main result we still need to recall the definition of the Mobius 
function ^ = ^2 of the poset of subgroups of the finite group S. It is defined by 

/i(l) = l,MS') = - E MS")for I/S'<S. 
1<S"<S' 

For ^ F C L and g € Gs set Xp = 2~^^'^'^Xf,s a-nd A^^ = (1 — gF)^F , where gp = verf^g. 
Moreover, denote the Galois group of the cyclotomic Zp-extension F^/F by Fi;'. 



*We acknowledge financial support provided by DFG and NSERC. 
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Theorem. There exist g G Gs so that gp has image ^ 1 in Tp for K Q F C L and the 
image of 

^ /is(G(L/F))ver^(V), 

KCFCL 

under Zp[[Hs]] Zp[[H^]] , is in the trace ideal tTT,{Zp[[H^]] of Zp[[H^]f . 

The theorem and its proof generahze [RW7], where S had order p, and therefore are an 
apphcation of the methods of [DR] in the language of [Se]. The precise formulation, however, 
is dictated by the needs of equivariant Iwasawa theory [RW2,p.564]. 

More precisely, there one has a profinite extension K/X of totally real fields with Galois 
group G, with K/Q finite and K containing the cyclotomic Zp-extension K^q of K, such that 
[K : Koo] < oo . In this situation, the so-called 'main conjecture ' of equivariant Iwasawa theo- 
ry^ concerns the Iwasawa L-function L-k/k,svjSo^ > which is built from the S U S'oo-truncated 
p-adic Artin L-functions ip,x,S'uS'oo(*) x) attached to the Qp-irreducible characters % of G 
with open kernel (see loc.cit. - but with K , , p denoted K , k , I , respectively). Assuming, 
for odd p, Iwasawa's conjecture that the /x-invariant for 'K/K vanishes, the 'main conjecture', 
up to its uniqueness assertion, is equivalent to 

Lk/k,suSo. is in Bet {Ki{A;,G)) , 

where A/^G is the completion of the localization of Z„[[G]] obtained by inverting all elements 
which are regular modulo p (see [RW3, Theorem A] □). 

Now assuming that G is a p-elementary group, i.e., a direct product of a finite cyclic group 
of order prime to p and a pio-p group, and picking an abelian normal open subgroup ^ of G 
with factor group = G/A a p-group, the Mobius- Wall congruence 

(MW) Ea<u<g MU/A)ye4{ves gy) = mod trE(AA^) 

holds for all units y G AaG. (MW) is in [RWIO, §2]. 

If the 'main conjecture' were true, so Det(y) = -^^k/X.S'uS'oo with a y € i^i(A/\G), then on 
plugging y into (MW) we would obtain 

/iE(t/M)ver^,b(A^ab) = mod irj:{A;,A) . 

A<U<G 

And this abelian pseudomeasure congruence turns out to be a consequence of the Theorem 
stated above. This is addressed in detail in [RWIO], where the 'main conjecture' for arbitrary 
extensions 'K/K, up to its uniqueness assertion, is verified. 

The organization of the paper parallels [RW7] to the extent that, with two exceptions 0, the 
numbering and, mutatis mutandis, statements of the lemmas and propositions persist, with 

'see also e.g. [CFKSV; FK; Hal,2; K; Ka; RW3,7,8] 
■^5cx> is the set of archimedean primes of k 
^for p = 2, compare [RoW] 
''Propositions 5 and 9 
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proofs omitted if they are essentially already in [RW7] . The new ingredient is the identification 
of the congruence (4*) of Proposition 4 as the difference of constant terms of q^-expansions 
at two cusps of a Hilbert modular form of Eisenstein type. This modular form is exhibited 
in §2 and then studied via the g-expansion principle of Deligne and Ribet; the hypothesis of 
Proposition 4 is deduced, in Proposition 9, from a property of Mobius coefficients in [HIO]. 
The proof, in §3, of the main result is then a computation of constant terms of q'-expansions 
at the "special cusps" of Proposition 5. 

Our special cusps are a simple device to avoid comparing constant coefficients of (^-expansions 
of F and F\fJJp at arbitrary cusps in Lemma 6. Having overlooked the need for this comparison 
in [RW7] implies that we now have its Theorem only for special g = gx G Gg- However, the 
present theorem is better suited for equivariant Iwasawa theory; see the Remark in §3. 

1 . A SUFFICIENT CONDITION FOR A PSEUDOMEASURE CONGRUENCE 

For a coset x of an open subgroup U of G{Fs/F) set 5^'^\g) = 1 or according as g £ x ox 
not. Then, for even integers k > 1, define Cf(1 - k,6^'^^) = 2-[^^Q1Cf,s(1 - k,S^''^) G Q to 
be 2~[^'^] times the value at 1 — /c of the partial (^-function for the set of integral ideals a of 
F prime to S with Artin symbol {a,Fs/F) in x. Note that the definition of Cf(1 — k,6^^^) 
extends linearly to locally constant functions e on G{Fs/F) with values in a Q-vector space 
and gives values Cf(1 — k,e) in that vector space, as usual. 

Let J\f = Nf,p '■ G{Fs/F) TL^^ be that continuous character whose value on {a,Fs/F) for 
an integral ideal a of F prime to S is its absolute norm Afpa. For g G G{Fs/F) , k > 1 and e 
a locally constant Qp- valued function on G{Fs/F) we define, following [DR], 

Ag{l -k,e) = Cf(1 - k,e)-M{g)^CF{l - k,eg) G Qp , 
where eg{g') = e{gg') for g' G G{Fs/F). 

Theorem [(0.4) of [DR]]. Let ei,e2,... he a finite sequence of locally constant functions 
G{Fs/F) ^ % so that T.k>i^k{g'){Mg'f-^ G Zp for all g' G G{Fs/F) . Then 

- k, et) G Zp for all g G G{Fs/F) % 

k>l 

Call an open subgroup U of G{Fs/F) admissible^ if M{U) C 1 -|-pZp, and define mF{U) > 1 
by AA([/) = l+p'"^(^)Zp. 

Lemma 1. If U runs through the cofinal system of admissible open subgroups of G{Fs/F), 

then Zp[[G{Fs/F)]] = ^^I.p[G{Fs/F)/U]/p^^(^Hp[G{Fs/F)/U] . 

u 



^For p = 2 compare [RW7,§5] 
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Proposition 2. For h G G{Fs/F) there is a unique element Xh € Zp[[G{Fs / F)]], indepen- 
dent ofk, whose image in Zp[G{Fs/F)/U]/p"'p'^^^ is 

^ Ah{l-k,S^'-'^)J\f{xy''x mod p'^^^^hp[G{Fs/F)/U] 

x&G{Fs/F)/U 

for all admissible U, where J\f here also denotes the homomorphism G{Fs / F)/U — )• 
(Zp/p™*^^^)^ induced by our previous Af. Moreover, if Xp is 2~^^''^'^ times the pseudo- 
measure of [Se], then (1 — h)XF = X^ . 



Lemma 3. (1) Let V be an admissible open subgroup of Hg- If U < (ver^) ^{V) , then 
mF{U) > mL{V) — ep where [L : F]= p^^ . 

(2) Let s G G{Ls/K) be an extension of a G S. Then {F")s = [FsY and, setting 
QF = ver^(5) for g £ Gs , g'p = gP'^ ■ Moreover, ver^(Ag^)'* = ver^„(Ag^<,) . 

Statement (1) is due to AAi(ver^5f) = Mpig)^^'-^"^ for g G G{Fs/F) . For (2), the first claim 
follows from {Fsf ^ F' = F" and G{{FsY/F') = G{Fs/FY , the latter implying {FsY ^ 
{F'^)s and then Fs C {F"Ys ^ ^ -^5 > hence equality everywhere. 

The second claim is a direct consequence of the definition of group transfer 'ver'. Name- 
ly ver^((7) is a certain product built with respect to coset representatives of G{Ls/F) in 
G{Ls/K) , which s takes to coset representatives of G{Ls / F") in G{Ls/K) , whence the 
multiplicativity of s yields veT^{g)^ = Yerf^ [g'^) . But g G Gs = G{Ls / KY^ implies g'^ = g. 
Finally, concerning the last claimed equality, by Proposition 2 and Afptr (x**) = J\fp{x) it suffices 
to show 

Agp^ (1 - k, 6^;P) = Agp{l - k, 

for X a coset of any admissible open G(L/-F)-stable subgroup U of G{Fs/F) . Thus it suffices 
to show 

Cp.il -k,5P^) = Cpil-k,5P) 

for all such x, since| {6'pP)gp, = d^fr""'^ = 5^/''^^'^ and {5P)gp = 5^f^'"'\ Viewing 
5^ as a complex valued function on G{Fs / F)/U and writing it as a C-linear combination 
of the (abelian) characters x of G{Fs/F)/U, it now suffices to check that Cf(1 — k,x) = 
Cp-^il — k, x^) ) ^iid this follows from the compatibility of the Artin L-functions with inflation 
and induction. Indeed, inflating x fi'om G{Fs / F)/U to G{Fs/F) and further to G{Ls/F) 
and then inducing up to G{Ls/K), and analogously with Xi U replaced by x*, F"", (note 
that [/* is well-defined), we have 

^^^^G(Ls/F)^^^^^G(Fs/F)/U^^' ~ ^^^"g(Ls/F'^)^^^^^G{F|/F'^)/C/vA ) ■ 
Lemma 3 is established. □ 



^recall our convention Sg{g') — s{gg') 
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Set Tip = G{L/F), and, for any set X carrying a natural S-action, denote the stabilizer 
subgroup of X G X in S by StE(x) = {u G S : a{x) = x} . Also, Z(p) C Q is the localization 
of Z at its prime ideal pZ. 

Proposition 4. For g £ Gs set gp = vev^g for all K Q F Q L . Then 

(4*) E ^s(Sf)A3^(1 - |Si.|fc,eiver^) = mod |StE(eL)|Z(p) , 

KCFCL 

for all even locally constant 'L(j,y valued functions el on Hg , implies that 

F 

has image, under the map Ijp\[Hs\\ Ijp\[H^\\, in tr£(Zp[[ff^]] . 

For the proof of the proposition we first recall that a locally constant function el on is 
even if Eiicwh) = EL{h) for all h S Hs and all 'Frobenius elements' at the archimedean 
primes w of L, i.e., at the restrictions G Hs of complex conjugation with respect to the 
embeddings Ls ^ C inducing w on L. We denote by C the group generated by the Cy^^s, so 
H+ = Hs/C. 

We next observe that Sg G Zp[[ii's]]^ . Namely, ver^(Agj^)* = ver^<j(A^^) = ver^„(Ag^^) , by 
(2) of Lemma 3. Moreover, ^y:{T,f) = fij^CEpcr) . 

Turning finally to the image of Sg under the map Zp[[i?5]] — )> Zp[[i?^]] , we first replace the 
diagram in [RW7,p.718] by the diagram below, in which N = kerver^ : 

Zp[[GiFs/F]] ^ im. Zp[G(F5/F)/;7]/p™HC/) 

U > N 

ver^ 4- i 
^pilHs]] ^ 'r Zp[Hs/V]/p"'^^^^-'^ . 

E - stable V 

Recall here that the right vertical map takes {xij)ij to {yv)v by means of 

E : Zp[G(F5/F)/f/]/p™^(^) ^Zp[i7s/V^]/p'"^('') ^ Zp[Hs/V]/p^^^'''>-'^ , 
whenever U < (ver^)~^(y). 

Since the mL{Vys are unbounded, there are admissible open S-stable V < Hs with miiV) — 
ep > ex (VF). For any such V then I.p[Hs /V]/p'^'^^'^''~'''' maps onto 1p[Hs /V]/\'^\ and we 
write the image of 5g in here as '^yfzHg/v ■ Because S fixes Sg , Cyy = Cy for all a. Since 
EaeEmodStsfe) '^s/^y'^ = '^vT^V" ^ it foUows that Sg will be in i^j:{1p[Hs /V]) + |S|Zp[i?s/^] 
provided that 

Cy = mod |StE(?/)| . 

'^Note that Ver' is the Zp-hnear map induced by the group homomorphism obtained by factoring 
G{Fs/F) Hs Hs/V through G{Fs/F) G{Fs/F)/U . 



Congruences between ahelian pseudonieasures 



6 



We compute the coefficient Cy of the image of Sg. By Proposition 2 with U = (ver^) ^{V) 
(compare [RW7, (ii) on p. 719] noting that any k is allowed) ver^(Ag^) has image 

^ Ag^(l - |S^|A:,4"^)Ar^(x)-l^^l'=ver^(x) , 

x&G{Fs/F)/U 

where 6p^ is the characteristic function of the coset x C G{Fs/F) . 

Since G{Fs/F) —f Hs Hs/V has kernel U = (ver^)~"^(V), either y is not in the image 
of ver^ or y = verp{x^^^) for a unique x^^^ S G{Fs / F)/U . Note that jj^^ver^ is = in the 
first case and = 6p^ in the second, when also J\fF{x^^^)~^^^^^ = 7Vi(ver^(x^^^))~'^ . Thus, 
Mobius-summing over F we obtain 

Cy = iY,M^F)Ag^il - \^F\k,6l'Ker^))MLiyr''. 

F 

Our hypothesis (4*) now imphes that Sg is in trY,{Zp[Hs/V]) + \T,\Zp[Hs/V] for al\V>C (re- 
call that 6^f^^ is even when V > C and y € Hs/V). Since Sg is fixed by S and \Ti\'Lp[Hs /V^ C 
irY,{Zp[Hs/V]) , it follows that Sg G tr^Zp[Hs/V] . 

This finishes the proof of Proposition 4. □ 

2 . Applying the ^-expansion principle of [DR] 

Given an even integer k and an even locally constant Z(p)-valued function el on Hs, choose 
an open subgroup V of Hs so that el is constant on each coset Hs/V and let f C |S|oi^ be 
an integral ideal, with all its prime factors contained in S, so that, for a}\ K F L, ^op is 
a multiple of the conductor of the field fixed by (ver^)~^(y) acting on Fs- 

As in [DR,p.229] we write K for the ring of 'finite' adeles of K and let j : — ?> Gs , ip ■ 

/^x ^ lim Gel , with f running over the multiples of f that have all their prime divisors in S, 
f 

be the maps defined in [DR,p.243]. 

Proposition 5. There exist 7 e so that 

a) J and 7"^ are in 1 + f , and 

b) the image g E Gs of 'y under j : — ?• Gs has \eT^{g) S G{Fs/F) not in the 
kernel of G{Fs/F) Tp , for all K O F C L. 

Proof. Choose / > in Z n f, and let a € be the 'finite' idele with components 1 + / 

(respectively 1) at primes q\f (respectively q ] f)- Then a and belong to 1 + Z/. For 

every extension Q ^ F let ap he the image of a under the diagonal inclusion ^ F^ . 

We use ijiJiGf/ = Gs, on identifying the inverse limit of ray class groups with the one of the 
f 

corresponding Galois groups, as is conventional in [DR,p.240]; so j = tp = (^f')f' W [DR,2.33]. 
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Now 'ip^i{aK) = V'f'((l + f)~^OiK) ) since 1 + / S , and (1 + f)~^aK has q-component 1 
(respectively (1 + f)~^) when q|f (respectively q \ f), so that the (fractional) ideal of o = 
'generated' by (1 + f) ax is a = (1 + /)"^o, which is coprime to f. 

Recall that Kg contains the Zp-cyclotomic extension K^q of K. By [Se, 2.2], g = Tp{aK) G Gg 
acts on p-power roots of unity as g = {a,Ks/K), i.e., by raising them to the power A/'(a) = 
(1 + . It follows that the image of g under Gs — ?• acts non-trivially, so holds 

for ax and also b) when K = F. 

The argument for F is the same with K,j,S replaced by F,jop,SF and shows that ipp{aF) 
acts on p-power roots of unity by (1 + /)~[-^-''2l. Note also that i/jpioiF) = ver^(5) by the usual 
relation between inclusion and transfer. Setting 7 = ax we then get a) and b). 
This completes the proof of Proposition 5. □ 

The next three results of [RW7] concern Hilbert modular forms with emphasis on their q- 
expansions. Thus Lemma 6 constructs a Hecke operator [/g on A^fc(roo(f), C) , Lemma 7 
discusses restriction res^ : A^fc(roo(foF)i C) — > M[F:K]k(^ooif)iC) for field extensions F/K, 
and Proposition 8 is our bridge to [DR]. 

With k,eL and f as at the beginning of the section and any g € Gs, we next exhibit a Hilbert 
modular form £ in 7W|5]|fc(roo(f), C) with the constant term of its standard g-expansion equal 
to X]^^s(SF)Ag^(l - |i;F|A;,eLver^) (compare (4*)). 

First, by [DR, (6.1)], in the form of Proposition 8, there are modular forms 

of weight [SiT'l/c with standard g-expansion 

Cf{1 - \J:F\k,eLve4) + E ( E ^Lver^(a)Ar^(a)l^-l*^-^) . 

l-iGop aprimetoS 

Appealing to Lemma 7 and Lemma 6, we apply res^ and the Hecke operator U^f-.K] to the 
modular form Ef displayed above, and obtain, for each F, the new modular form 

£f = ires^EF)i^^.^^^^^^^^U[F:K] 
of weight |S|/c in A4|2|A:(roo(f), C) and with standard g-expansion 

Cp{l-\j:p\k,eLve4)+ E (E^^(^^''^)-^^(^^)"'^^""0'^^' 

a>0 [a]F 
a&OK 

where, for K F C L, [ajp denotes the set of all pairs (ai?,ai?) satisfying 

^ ap G ap ^ Of , ap prime to 5 , tiF/Ki'^F) = [F : K]a . 
Here we have used {sl o vev^)(aF) = {£Lverp){aF,Fs/F) = eL{aFOL)- 
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We Mobius-sum all these 8f and arrive at the modular form 

dcf 

KQFQL 

in |s|fc(roo(f)i C) whose standard (^-expansion has constant coefficient 

(0) EF/^E(5^i^)CF(l - \T.F\k,eL^e4) 

and higher coefficients 

at ^ a G Ox • 

Proposition 9. Assume that k is an even positive integer and an even locally constant 
Zp-valued function on Hs- Then 

/iE(Si.)^eL(aFOL)AA^(ai.)[^^^]'^^i = mod |Sts(eL)|Z(p) • 

KCFCL [a]F 

Proof. Utilizing the natural action of S on the set 

= {(oL, az,) : < QL G ttL C OL , az, prime to S , iiLiKiah) = [L : K]a] , 

given by (aL,aL)'^ = (a'^,aj), we identify the set [a\F with the subset [a]^^ of SiT'-fixed 
points in [aji by means of the map 

Indeed, tF is obviously injective and has image [a]^^ because 

G -F if a J = ol for all cr G Sf j 

ai = for all cr G Sf implies a/, = ofOl for some integral ideal of of F, since is 
prime to S and whence every prime divisor of ai is unramified in L/K . 



As a first consequence, formula (a) can be rewritten as 

E /«s(Sf) E eL(b)A/L(b)'~^ , 
^ ^ ^^^^^ 

asAAL(aFOL) =A/F(aF)[^^^]. 

We isolate the part of the sum (a') that belongs to a fixed (/3, b) G [a]^ ■ It is 

J2 M^F)eLibWLibt-^ , 

FsoEf.<Sts{/3,b) 
and correspondingly, with b) replaced by (/3, b)'^ , 

2] ME(SF)eL(b'^)A/L(b'^)'"^ . 

FsoEj?<Sts(/3,fa)'^ 
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The group S acts on Hs and so on el by eL'^{h) = £L{hF ) . We now consider the part of 
the sum (a') that belongs to the Sts(eL)-orbit of (/?, h) : 

(i) E eLib)MLibf E M^FWUbV^ . 

aG[Sts(ez,)nSts(/3,b)\Sts(eL)] F so Ej.<StE(/3,b)- 

Here, [StE(eL)nStE(/5, b)\StE(eL)] is a set of right coset representatives of StE(eL)nSts(/3, b) 
in Sts(eL)- Note that the sum (q') is the sum of all such orbit sums (i). 

Because of 

Sf < Sts(,9, br ^ < StE(/3, b) (as Sts(,9, b)'^ = (Sts(^, b))'^ and Ef' = 

fij]{T,p) = fj,Y,{T,p^-i) (a direct consequence of the definition of the Mobius function) , 
and \T,f\ = | , 

the inner sums of (i) are independent of a. Hence, if we can show 

(ii) EFsoE^<Sts(/3,.) M^FWUby ^ ^ mod |StE(eL) n StE(/?, b)|Z(p) , 

then sum (i) is = mod |Sts(eL)|Z(p') and the proof of the proposition will be complete. 

1 

For (ii), we first shorten the notation by setting P = StE(/3, b) < S and r = Afiib) T^^sT^^ 
which is a unit in Z(p) because b = oj\,fOL if '^M = P (compare with the proof of [a') above). 
This turns the left hand side of (ii) into Ei<P'<p /"f (-^0'"^^''^ ^ i obviously ^e(-P') = 
fj,p{P'). Applying now the Claim below we obtain 

MPy'-'^'^^O mod|P|Z(p), 

i<P'<p 

which is even stronger than (ii). 

Claim : Let P be a finite p-group and r a unit in Then 

J2 MP')r^^'-^'^ = mod |P|Z(p) . 
i<P'<p 

To see this, let z € Zp satisfy z^~^ = 1 and r = z mod p, hence 

r^" = z^" = 2; mod p""*"^ , for ?i > . 

From [HIO,p.717] we obtain PUp^P') , for P' < P. Therefore, and as ^lp{P') = fip'{P'), 
fip{P')r^^'-^'^ = fip{P')z mod |P|Zp . Consequently, 

^ fip{P')A^--^'^ =z- MP') = mod |P|Zp , 

i<P'<p i<P'<p 

as Ei<p'<p = ) by the definition of the Mobius function. 

Since Q fl Zp = Z(p), this proves the Claim and also ends the proof of Proposition 9. □ 



Congruences between ahelian pseudonieasures 



10 



Choosing 7 € i^^ with ^(7) = g and denoting by £^ the g-expansion of £ at the cusp 
determined by 7, set £"(7) *== AfK{'7p)~^^^''£'y (so £{1) is the standard g-expansion of £). 
Then [DR, (0.3)] implies that 

the constant term of£{l) — £{'y) is contained inp"'Z^p^, provided that £{l) has all 
non-constant coefficients contained in p'^Z(p) , 

and, by Proposition 9, this apphes with p"" = |Sts(eL)| , so the constant term of £"(1) — f (7) 
is in |StE(eL)|Z(p) . 

3 . Conclusion of the proof : special cusps 

By what has been said at the end of the previous section we need to compute the constant 
coefficients of £"(7) and £{1) — £{'~f) ■ We do this for the 7's of Proposition 5 and then prove 
the Theorem stated in the introduction. 

Lemma 10. Setting g = with 7 as in Proposition 5, the constant term of £{'y) is 

A/a'(5)I''I' • ( Yl ^2(SF)Ci.(l - |Sp|A;, (sLver^),^) ) . 

F 

For the proof we first show that res pEp has constant term Mr ((7))'^'''Cf(1 — I^^fI^i (el ver^ ) 
at the cusp determined by 7 € . By (2) of Lemma 7, this constant term of res^E'i;' is 
equal to the one of Ep at the cusp determined by 7 G , whence, by (2) of Proposition 8, 
equals 

A/>((7)f)I^^I'Cf(1 - \^F\k, (eLver^)^^) = A^^ ((7))I'^I'Cf(1 - \^F\k, (^Lver^),^) , 
because (7)^ = {i)kOf ■ 

We next check that {res p Ep)\^^^^U[p.x] and res ^ii'i;' have the same constant term at the cusp 

determined by 7 € K^. By a) of Proposition 5, M =^ ( ^ ^'^i ) is in roo(f) , so M = M1M2 
with M2 = / in the notation of [DR,p.262], hence, by [DR,5.8], the constant terms referred 
to above are the constant terms of the standard g-expansions of ((res^)||j,|^C/[^./^])|M2 = 
(res^)||j,|^C/[^.^] and {reSpEp)\M2 = res pEp , which agree by Lemma 6. 

Mobius-summing, we have shown that £^ has constant term 

A/'ir((7))"'" - l^^l^' (^i^er^W) > 

F 

hence f (7) has the required constant term, because Mk{1p)~^ ■N'kHi)) = J^K,p{g) , by (3) of 
Proposition 8. 

This completes the proof of Lemma 10. □ 
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We can now complete the proof of the Theorem. It follows from equation (0) and Lemma 10 
that for such 7 the constant term of <5(1) — ^(7) is 

EF/"s(SF)[Ci.(l - \^F\k,eLyev^) - Mk{9)^''^''Cf{1 - (eLver^)^^)] 
= EFME(SF)Ag^(l - \T,F\k,eLvev^) ; 

the latter since Npi^^'^^g) = J^k{9)^^'^^ ■ 

Note at this stage that it is this sum, /ix;(S_p)Ag^ (1 — \T;p\k,£L'^ex^) , which is referred 
to in (4*). The last sentence of §2 now implies that this sum is = mod \StY;{e l)\Z[p) , for 
every even locally constant sl, thus verifying the hypothesis of Proposition 4. 

The Theorem is now the conclusion of Proposition 4. □ 

Remark. The application of the Theorem to equivariant Iwasawa theory, in [RWIO], is 
different from that proposed in [RW7, pp. 715/716] since the specialization map G{Ls/K) — > 
G(K/K) extends to a map of localizations in the sense of [loc.cit.] only when G(K/K) is a 
pro-p group. 
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